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NOMENCLATURE 
A area [m2] 
C truncation factor [-] 
cf skin friction coefficient [-] 
F force [N] 
M moment [Nm] 
Ma Mach number [-] 
p pressure [Pa] 
Pr Prandtl number [-] 
Re Reynolds number [-] 
T temperature [K] 
u velocity [m/s] 
α thrust vector angle [°] 
Δ derivation [%] 
γ isentropic exponent [-] 
μ viscosity [kg/m/s] 
ρ density [kg/m3] 
τw friction [N/m²] φ initial expansion angle [°] 
Indices 
* reference value 
e boundary edge condition 
n nozzle entrance condition 
ref reference condition 
w wall condition 
 
ABSTRACT 
This study presents a method to find an optimal shape 
of a three-dimensional supersonic nozzle for a 
rectangular scramjet combustion chamber with rounded 
edges by taking into account the skin friction effects. 
The geometric and flow constraints are defined within 
the German DFG GRK 1095/2 project and the 
designed nozzle will be part of a scramjet demonstrator 
configuration [1]. The nozzle inlet conditions are mean 
values of the combustion chamber exit conditions with 
the assumption of a constant specific heat ratio. To 
generate the shape of the nozzle a streamline tracing 
technique is applied to an axis-symmetric flow field 
calculated by the Method of Characteristics (MOC). 
Skin friction in relatively high pressure supersonic flow 
from the combustion chamber is very dominant and 
cannot be neglected in the design process. Therefore 
the skin friction is calculated using the Reference 
Temperature Method (RTM) and used for the 
determination of the thrust and moment vectors. This 
allows considering viscous effects without boundary 
layer calculations. With this approach an optimal 
truncated ideal nozzle contour which yields the 
geometric constraints can be derived. For the validation 
of this method comparative calculations have been 
carried out with the DLR code TAU on an exemplary 
axis-symmetric supersonic nozzle for different flow 
conditions. Results showed a good agreement. Finally 
for the three-dimensional nozzle the analytical solution 
for the inviscous and viscous case provided comparable 
data like TAU simulations. Further simplifications of 
the approach for an efficient three-dimensional nozzle 
design will be addressed in the paper. 
 
1. INTRODUCTION 
In the past years an ongoing interest in hypersonic air 
breathing vehicles led to progress in the design 
methods for Scramjets. But less effort has been spend 
on designing Scramjet nozzles. Nevertheless as thrust 
producing part of the engine the nozzle has to be 
designed using proper design methods to obtain 
maximum thrust for given system constraints. It is very 
important to trim a Scramjet vehicle using a well 
designed nozzle, which should reduce additional 
trimming drag. Typical Scramjet configurations use the 
rear vehicle surface to expand the flow. Therefore a 
Single Expansion Ramp Nozzle (SERN) is common. 
For the previous configuration of the GRK 1095 
Hirschen performed extensive studies on a SERN [2]. 
To get the optimal contour a flow field is calculated 
with the Method of Characteristics (MOC). This design 
method requires a planar or axisymmetric shape of the 
nozzle and is applicable just for two-dimensional 
expansion and simple combustion chamber shapes. 
Meanwhile some Scramjet inlets use a three-
dimensional compression, which requires a three-
dimensional expansion in the nozzle to obtain maximal 
thrust.  
A widely used method to create such contours is the 
streamline tracing technique. Hereby the contour is 
derived from streamlines in a given flow field. In the 
early 1960’s Billig used this technique for optimising 
missile concepts [3] and in present days Smart 
investigates the use of this technique for designing 
scramjet intakes [4]. Both methods do not take into 
account the viscous effects. But in high enthalpy flow 
the drag has a major effect on the performance of a 
scramjet. Calculation of a three dimensional boundary 
layer is very time-consuming. The determination of the 
exact boundary layer parameters at the nozzle entrance 
is also challenging for following reasons: 
 A long run length of the boundary layer from 
tip of the inlet up to the nozzle 
 Combustion 
 Shock-Boundary Layer Interactions 
To predict all these effects correctly, a full nose to tail 
calculation has to be performed. But this is not 
available at the beginning of the design process. A 
simple approximation is needed.  
For flat plate hypersonic flow the Reference 
Temperature Method (RTM) was developed by 
Rubesin and Johnson [6] to determine the heat flux and 
skin friction on an isothermal wall with a simple 
engineering approximation. Integrating this method 
into the streamline tracing tool leads to a very fast 
method of calculating thrust and heat flux for different 
nozzle contours. 
 
2. DESIGN METHODOLOGY 
2.1. Base Flow Calculations 
To calculate the base flow the Method of 
Characteristics was used. For given entry conditions of 
Mach number and isentropic exponent an axis-
symmetric supersonic flow field was calculated for 
different expansion angels between 1 and 30 deg. The 
throat diameter was always set to 1. Due to the nature 
of isentropic flow it can be scaled up and down after 
the calculations. 
Here the full length of the nozzle for each expansion 
angle was calculated. The nozzle contour obtained by 
this way is an ideal isentropic nozzle. In the later steps 
it will be truncated to get optimal thrust for the given 
geometrical constraints. 
 
2.2. Streamline Tracing 
From the derived flow field streamlines can be 
calculated. In this work the streamlines were extracted 
with the commercial visualisation tool Tecplot. In 
Fig. 1 a sketch of the flow field and its extraction of a 
streamline are presented. 
As mentioned before a truncation of the streamlines is 
performed. Here the Eq. 1 is applied, whereas the 
parameter C is the truncation parameter and can adapt 
values between 0 and 1 (respectively 0% and 100%). 
   minminmax xxxCxtrunc   (1) 
To design a nozzle the shape of the combustion 
chamber has to be placed and scaled to fit in a unit 
circle and discretized.  
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Figure 1: Schematic of the streamline tracing 
technique 
 
In Fig. 2 it is exemplary shown for a combustion 
chamber with rounded edges, like it is used for the 
GRK 1095 project. For each point Pi with the radius r a 
streamline can be calculated with the starting point 
(0/r0=r) out of the flow field sketched in Fig. 1. By 
connecting all streamlines the surface of the isentropic 
nozzle is obtained. 
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Figure 2: Combustion chamber contour fitting 
 
For transferring the streamline to the CAD systems for 
grid generation a least square fit to a cubic Bézier 
curve was performed. To get a good agreement 
between both curves the first part of the streamline near 
the initial turning was weighted higher then the rear 
part of the nozzle. With the cubic Bézier curve each 
streamline could be approximated with a set of 8 
variables, which makes it easy to describe them 
mathematically. 
 
2.3. Reference Temperature Method 
In order to take the drag and heat flux into account, 
different methods were investigated. Due to complexity 
it was not possible to perform a three-dimensional 
calculation of the boundary layer at the design point. 
Even a two-dimensional or one-dimensional 
calculation is not straightforward, since the flow 
structure of the inlet and combustor are not known 
sufficiently. 
A simple approach for skin friction and heat flux 
approximation is the Reference Temperature Method. 
This very rough approach is developed for the flat plate 
application. But compared to the two-dimensional 
RANS calculations, which will be presented later on, a 
good agreement could be achieved. The method used 
here is from Meador and Smart [7] and uses for 
turbulent flow Eq. 2. 
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In a combustion chamber a laminar flow is not 
presumable but to implement laminar nozzle flow the 
previous equation can easily changed. For each 
streamline a Mach number distribution M(x) is given 
from the MOC method. With this distribution the state 
variables p and T can be calculated via the isentropic 
flow equations. For a given wall temperature the 
reference temperature can be evaluated. For the RTM 
the isentropic state variables are used as edge 
conditions, which means at each point M(x) is Me and 
T is Te. The skin friction coefficient is in the form of 
Eq. 3. 
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Whereas the Reynolds number is calculated with Eq. 4: 
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For the turbulent compressible boundary layer b is 
0.0592 and a is 0.2. But to keep this equation in a more 
general form the constants a and b will be kept as 
variables. The skin friction coefficient cf* is defined by 
Eq. 5: 
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To get the skin friction at a given point of a streamline 
these equation can be rearranged to Eq. 6: 
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Normalizing this equation to the nozzle entrance 
condition leads to Eq. 7: 
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Hereby the factor xn is the running length from the inlet 
to the nozzle entrance. With this equation the skin 
friction at any point on the streamline can be evaluated 
from the ratio of the state variables to the state 
variables at the entrance conditions. And by 
performing these equations for each point of the 
surface the whole nozzle contour is defined. Notice that 
in Eq. 7 the factor b from Eq. 3 disappeared. 
 
2.4. Thrust Calculation 
 
Figure 3: Forces on a single quad element 
 
With the skin friction and the pressure at each point of 
the nozzle surface the total forces can be calculated by 
integrating over the surface. In the present study the 
surface of the nozzle was discretized into quads. For 
each quad the finite forces and moments can be 
calculated with Eq. 8 and Eq. 9. 
   dApFd w    (8)
 FdsMd
   (9) 
To get the total forces and moments the finite forces of 
all quads need to be summated similar to Eq. 10 and 
Eq. 11. 
  FdF   (10) 
  MdM   (11) 
Due to symmetry reasons only the x-component, which 
represents the axial force, the z-component, which 
represent the vertical force and the moment around the 
y-axis are used. All other components are zero due to 
symmetry of the nozzle along the xz-plane. In this 
work only a half-configuration was investigated to 
speed up the calculations. Therefore the obtained 
forces have to be multiplied by two. 
 
2.5. Implementation 
Since the explained method use several different 
programs and procedures the actual implementation 
was not straight forward. Therefore the implementation 
will be explained in the following chapter. 
First functional block describes the pre-processing of 
the data. These steps are performed before defining the  
shape of the nozzle entrance: 
 Determination of the nozzle inflow conditions 
(Man, γ). 
 Calculating the flow field with the chosen 
inflow conditions for different deflection 
angles φ with the Method of Characteristics. 
 For each of these calculations extracting finite 
number of streamlines for starting points 
between (0/0) and (0/1). 
 Normalising streamline in x-direction with the 
parameter C. 
From these calculations a database for streamlines and 
corresponding flow field parameters is generated. After 
determine these data the actual nozzle is designed. 
 Scaling and positioning the nozzle entrance 
shape within the unit circle (see Fig. 2). 
 Discretize the nozzle entrance shape. 
 Specifying all missing inflow and boundary 
parameters (pn, τw,n, Tn, Tw, …) 
 Define the truncation parameter C and the 
initial expansion angle φ. 
 Obtaining a shape with the streamline tracing 
technique. 
 Calculating pressure and skin friction for the 
shape. 
 Discretizing the shape into quads. 
 Calculating Fx, Fz and My. 
Finally forces and moments are obtained depending on 
the parameters written in Eq. 12. 
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In this study for one set of parameters the truncation 
parameter C and the initial deflection angle φ were 
varied and the resulting geometry, forces and moments 
were evaluated. 
 
2.6. Simplifications 
During the verification process it turned out that the 
influence of the reference temperature is small for the 
investigated configuration and could be neglected 
without getting significant errors. Furthermore the 
assumption of a constant skin friction coefficient cf 
leads also to just small difference compared to the 
previous presented equations. With these both 
simplifications the dependencies shown in Eq. 12 can 
be reduced to Eq. 13. 
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Using these simplifications it can be proven that for the 
given constraints the thrust is a linear function of the 
nozzle entrance pressure. Therefore Eq. 13 can be 
simplified further to Eq. 14. 
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This means for a given shape of the nozzle the only 
significant parameters to obtain the thrust are the 
truncation length C, the initial expansion angle φ, the 
Mach number Mn, the isentropic exponent γ and the 
ratio of τw,n to pn. In other words the optimal nozzle 
shape is independent from the inflow pressure but 
depending on the ratio of τw,n to pn. 
 
3. VERIFICATION 
In this chapter it will be tried to verify the Reference 
Temperature Method by comparing the results with the 
data of two-dimensional axisymmetric RANS 
calculations at conditions comparable to the final 
nozzle design conditions. For the calculations the 
parameters listed in Tab. 1 have been used as reference. 
The calculations were performed with the DLR TAU 
solver using k-Ω+SST turbulence model. 
 
Mach number Man 2.5 
Static temperature Tn 2000 K 
Static pressure pn 1 bar 
Wall temperature TW 600 K 
Isentropic exponent γ 1.27 
Initial expansion angle φ 6 deg 
Table 1: Nozzle entrance conditions 
 
It is quite complex to simulate the combustion chamber 
flow. Therefore, for the verification the combustion 
chamber is simulated by a single constant area tube, 
which induces boundary layer flow for the nozzle 
computation. Depending on this boundary layer flow 
the initial skin friction is determined. To show the 
influence of the different variables each of them will be 
changed to show their effect on the local skin friction 
along the streamline. As the flow properties change 
through the duct, the Mach number at the entrance of 
the duct is set a higher value to match the desired Mach 
number at the nozzle entrance. As consequence the 
temperature has to be set to a lower level.  
The duct generates a typical tube flow with a U-shape 
flow profile. It differs from the flow assumed for the 
MOC calculations, which uses homogonous radial flow 
parameters at nozzle entrance. To make RANS and 
MOC calculations comparable the parameters at the 
centreline of the nozzle entrance are set to the same 
value. 
 
 
Figure 4: Entrance profile of Mach number 
 
In Fig. 4 the typical radial profile of the Mach number 
is plotted for different Mach numbers along the flow 
axis. For better comparison the radius and the Mach 
number are normalized. In Fig. 5 the normalized 
pressure along the normalized length is shown. 
 
 
Figure 5: Pressure difference between RANS and MOC 
 
A small difference between pressure profiles predicted 
by using ideal nozzle pressure distribution and by the 
RANS calculation has been noticed. This slight 
difference comes mainly from the U-shape of the Mach 
number profile (see Fig. 4). Even such small 
differences could have a remarkable influence on the 
thrust calculation. Having a look at the difference 
between both graphs reveals an inaccuracy of approx. 
±6%. This error has a direct impact on the thrust 
calculation by Eq. 8 (pressure) and Eq. 7 (skin 
friction). As a next step the influence of the Mach 
number on the skin friction has been investigated. 
Therefore the inlet conditions mentioned before are 
kept constant while the Mach number is set to 1.5, 2.0, 
2.5 and 3.0. For this investigation the shape alters for 
each Mach number. 
 
 
Figure 6: Skin friction for different Mach numbers 
 
Here the skin friction is normalized to the skin friction 
at the nozzle entrance conditions and the length is 
normalized by the total nozzle length. The solid lines 
are the results from the RANS calculations while the 
dashed lines are results of the MOC/RTM correlations. 
A strong influence of the Mach number is visible. 
Increasing the Mach number causes a faster skin 
friction drop along the nozzle. But the main conclusion 
from this diagram is that a reasonable comparison 
between MOC and RANS can be done only for Mach 
2.0 and higher Mach numbers. Having a closer look to 
the Mach number 1.5 shows clearly that at the corner 
the skin friction raises suddenly by a factor of 1.3. 
After this sudden rise the skin friction decreases 
slowly. At the end of the nozzle it is closer to the 
predicted value of the MOC/RTM prediction, but is 
still approximately 1.2 times higher then the expected 
one. For higher Mach numbers this effect is 
comparable. In the first part of the nozzle a lower skin 
friction is predicted while in the rear part the skin 
friction is almost like the predicted one. But with 
higher Mach numbers the initial skin friction rise 
becomes less significant. The difference seems to be a 
result mainly of the U-shape.  
In addition the initial expansion angle was varied. 
Exemplary results are presented in Fig. 7. A good 
agreement between the MOC method and the RANS 
calculation could be achieved. This figure indicates 
that with a higher expansion angle the agreement 
between two methods is better.  
 
 
Figure 7: Skin friction for different initial expansion 
angles 
 
For very high initial expansion angles the flow 
separates at the edge. This effect should be avoided 
because it causes significant thrust loses. With the 
MOC method this can not predicted, but within this 
work only moderate angles were studied and therefore 
this case never occurred. To predict this flow 
separation a RANS calculation usually is sufficient. 
Beside these investigations other parameters were also 
varied. But as predicted before these effects have only 
minor influence on the skin friction. Main results can 
be summarized as follows: 
 
 Pressure: Static pressure of the inflow was 
changed between 0.1 and 20 bar and a 
negligible influence was found. 
 Temperature: Static temperature was varied 
between 1000 and 3000 K and minor 
influence was found. 
 Wall temperature: For very high wall 
temperatures (>2000 K) the sudden skin 
friction rise becomes bigger. 
 Overall scaling: The geometry was scaled 
with a factor of 0.5 up to 10. (Respectively 40 
up to 800 mm diameter). The influences of the 
abnormalities become slightly smaller with 
larger dimensions. 
 Boundary layer running length: Nearly no 
influence could be found beside the effects 
predicted by Eq. 7. 
 
4. 3D NOZZLE DESIGN 
For this step the nozzle entrance conditions are the 
same as that given in Tab 1. As mentioned in the 
previous chapter there is a strong dependency of the 
accuracy of the MOC design on the Mach number. 
Therefore here a new 3D design has been carried out 
for Mach numbers of 2.5 and 1.5.  
The GRK Scramjet has an additional constraint with 
the maximum height. For the given height of the nozzle 
entrance a maximum expansion ratio of 4.8 cannot be 
exceeded. Using these constrains and calculating the 
thrust depending on initial expansion angle and 
truncation a diagram like Fig. 8 can be plotted. In this 
diagram abscissa and ordinate represents the geometric 
constraints. Herby is l the length and A/Aref the nozzle 
size or respectively the height and width. The solid 
lines are the thrust in axial direction while the dashed 
lines are representing the lift. 
 
 
Figure 8: Design chart for a Mach 2.5 nozzle with 
τw=1600 N/m² 
 
 
Figure 9: Design chart for a Mach 1.5 nozzle with 
tw=700 N/m² 
 
Having a look at this diagram along the expansion ratio 
of 4.8 it can be seen that a maximum thrust of around 
350 N can be generated with a nozzle length of 
420 mm. Increasing nozzle length causes lower thrust 
while lift increases strongly. In this study the nozzle is 
thrust optimized, this means for the shape optimization 
only the force in axial direction is taken into account. 
To keep system weight low, the shortest nozzle is 
chosen. In Fig. 9 the same diagram for the second 3D 
configuration with an entrance Mach number of 1.5 is 
plotted. Here additional information how to construct 
the nozzle is given by the dashed and dotted lines. 
While the dotted line gives the initial expansion angle, 
the dashed line gives the value for truncation. The 
marked point in the diagram is the selected geometry.  
In the diagram it is visible that an initial expansion 
angle of 10° and a truncation of 60% were used. 
In Tab. 2 an overview of the parameters is listed for 
both nozzle configurations. In Fig. 10 a picture of the 
nozzles with corresponding pressure contours is 
plotted. The coordinate axis in this figure shows the 
alignment of the axis which is usually used in this 
work. 
 
Parameter I II 
Initial expansion angle 6 deg 10 deg 
Truncation 50% 60% 
Nozzle length 430 mm 370 mm 
Expected Thrust 338 N 323 N 
Expected Lift 64 N 129 N 
Skin friction 1600 700 
Table 2: Parameters for 3D nozzles 
 
 
Figure 10: Pressure plot of configurations I and II 
 
5. COMPARISON OF 3D CALCULATIONS 
To test the presented method two full turbulent RANS 
calculations for the two designs were performed. The 
geometric constraints can be seen in Tab 2. To have a 
well developed boundary layer a 0.5 m long tube with 
the shape of the nozzle entrance was set in front of the 
nozzle. This method is comparable to the tube flow of 
the verification process. But by using the duct 
geometry it was not possible to generate a constant skin 
friction at the nozzle entrance. At the rounded edges of 
the nozzle entrance the skin friction was up to 25% 
lower than at the rest of the nozzle entrance. This 
difference in the inflow assumptions has to keep in 
mind for later comparison. For the calculations the k-
Ω+SST turbulence model was. First 3D Euler 
simulations of both configurations were also performed 
and the results are presented in Tab. 3. 
 
 I (Mach=2.5) II (Mach=1.5) 
 MOC Euler MOC Euler 
Fx [N] 425.9 428.5 355.9 358.9 
Fz [N] 59.3 58.6 126.1 126.9 
My [Nm] 156.5 156.2 103.9 104.7 
F [N] 430.0 432.5 377.6 380.6 
Α [°] 7.9 7.8 19.5 19.5 
Table 3: Comparison of MOC and Euler calculations 
 
These 3D calculations were performed to verify the 
code of the MOC tools and should be identical to the 
solutions of the MOC calculations. But mainly due to 
the discretization there is a slight difference between 
the Euler calculations and the presented method of 
approximately 1%. 
In Tab. 4 the MOC and the viscous TAU calculations 
are compared to each other. Having a look at the first 
configuration with a Mach 2.5 entrance condition an 
improvement of the total thrust approximation can be 
observed. 
 
 I (Mach=2.5) II (Mach=1.5) 
 MOC TAU Δ 
[%] 
MOC TAU Δ 
[%]
Fx [N] 337.7 338.5 0.2 323.1 303.7 6.4 
Fz [N] 64.5 125.7 48.7 128.7 133.9 3.8 
My [Nm] 153.4 154.9 1.0 102.5 96.2 6.5 
F [N] 343.8 361.1 4.8 332.0 347.9 4.8 
α [°] 10.8 20.4 46.9 23.8 21.7 8.7 
Table 4: Parameters for 3D nozzles 
 
A thrust of 430.0 N would be expected by ignoring the 
skin friction. With the Reference Temperature Method 
the total thrust decreases down to 343.8 N. Comparing 
this to the total thrust calculated of the RANS 
calculation of 361.1 N the inaccuracy could be reduced 
from 19% down to 5%. An additional advance for the 
MOC/RTM design methodology is, that the thrust is 
underestimated in contrast to the full 3D RANS 
calculation and therefore a conservative approximation. 
The thrust vector is unexpected misaligned with the 
vector of the RANS calculation. This is due to the 
vertical force component which is nearly twice as big 
as expected. To explain this strong difference it has to 
be kept in mind that the vertical forces are mainly the 
difference of the upper and lower part of the 3D nozzle. 
Just calculating the vertical forces on the lower nozzle 
part, a force in the order of 700 N is predicted. 
Compared to this the misalignment of the predicted 
total lift of the whole 3D nozzle of 30 N it leads to an 
uncertainty of less then 5%. Nevertheless this example 
shows that for this kind of nozzles the thrust vector is 
very sensitive to small differences in the inflow 
condition. In the presented case the expected reason is 
the U-shape of the inflow conditions, especially the 
Mach number profile. In Fig. 11 the skin friction of the 
RANS calculation and the MOC estimation are printed 
and a good agreement could be observed. For a better 
comparison the actual skin friction of the RANS 
calculation are used and therefore the skin friction at 
the edges is decreased. This decrease has only a minor 
influence on the total nozzle performance which 
increases by 1% in comparison to a uniform skin 
friction at the nozzle entrance. Due to the fact that the 
skin friction is only roughly known in the design 
process in a uniform skin friction was assumed. 
 
 
Figure 11: Comparison of skin friction for 
configuration I 
 
The second configuration of the 3D nozzle with a 
Mach number of 1.5 shows similar behaviour. Here the 
error in the thrust approximation goes down from 14% 
down to 5%. Also the thrust vector was approximated 
correct with an uncertainly of 2°. From the previous 
investigations it was assumed that for lower Mach 
number a stronger difference between MOC and RANS 
should be observed. But here the differences are 
relatively small. The reason for this is mainly the 
relatively small influence of the Reference 
Temperature Method in comparison to other effects 
like the U-shape of the inflow profile. 
 
6. CONCLUSION 
In this study a method was presented which can 
provide an efficient prediction of the thrust for a 
supersonic nozzle. As an extension to the streamline 
tracing technique applied to a flow field obtained by 
the Method of Characteristics it can increase the 
accuracy of the thrust approximation without intensive 
and time-consuming 3D calculations. It is straight 
forward to find the optimal nozzle contour for different 
applications. Using the Reference Temperature Method 
the influence of different secondary parameters, mainly 
the wall temperature, was investigated and it could be 
shown that these parameters has a minor influence and 
can be neglected for these design conditions. With the 
assumption of no wall temperature influence and a 
constant skin friction coefficient, the equations become 
more simple and the main driving parameter “pressure” 
for optimal nozzle contour is replaced by the “ratio of 
skin friction to pressure”. This approach makes it easier 
to design nozzles for different altitudes. 
There are still differences between the design method 
and the actual 3D-calculations. In this study the 
expected thrust vector for one configuration differs 10° 
from the actual calculated one by the RANS 
calculations. In an actual vehicle design this would 
require an additional trim moment which brings 
additional drag to the whole vehicle. This shows that 
there is still a need for further investigations or 
improvements. A possible improvement would be the 
integration of the Mach number profile into the MOC. 
The rise of the skin friction at the corner should be 
investigated in further studies in more details. 
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